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Abstract
Wang and Xu proposed (European J. Combin. 18 (1997) 567{600, Problem 3) to determine
those Cayley graphs   of a group G satisfying Aut  =L(G)R(G), where L(G) and R(G) denote
the left and the right regular representations of G. We prove that the equation holds if and only
if (1) G ’ (Z2)n, where n is a nonnegative integer dierent from 2; 3; 4, and (2)   is a graphical
regular representation of G. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 05C25; 20B25
Keywords: Vertex-transitive graph; Quasiabelian Cayley graph
For an arbitrary nite group G and a Cayley subset S G, i.e. 1 62 S and S = S−1,
the Cayley graph   = Cay(G; S) of G relative to S has vertex-set G, and adjacency
in   is given by g   gs for all g 2 G and all s 2 S. It is a well known fact that for
every x 2 G, the operator x of left multiplication with x, x: g 7! xg for all g 2 G,
is an automorphism of the Cayley graph  . Denoting by L(G) = fxjx 2 Gg the left
regular representation of the group G and by Aut   the automorphism group of  , we
have L(G)  Aut  .
If the Cayley subset S is a union of conjugacy classes in G, i.e. if S is a normal
Cayley subset, then we call  =Cay(G; S) a quasiabelian Cayley graph (of G relative
to S), according to Wang and Xu [6]. An equivalent condition is that for every x 2 G,
the operator x of right multiplication with x−1, x: g 7! gx−1 for all g 2 G, is
an automorphism of  . This equivalence is found in [6, Proposition 1.1] and in [3,
Section 1.3], where it is stated in the following way: a Cayley graph   of the group
G is quasiabelian if and only if its automorphism group Aut   contains the product
of the left and right regular representations of G, that is, L(G)R(G)  Aut  . Here
R(G) = fxjx 2 Gg.
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In [6, Problem 3], Wang and Xu asked which quasiabelian Cayley graphs of G have
their full automorphism group equal to L(G)R(G). We answer their question in Theo-
rem 1. To this end, recall that a graph   is a graphical regular representation (GRR)
of a group G if   is isomorphic to a Cayley graph  of G having automorphism
group Aut  = L(G). This notion was introduced in [5].
Theorem 1. A Cayley graph   of a group G has automorphism group Aut   =
L(G)R(G) if and only if (1) G ’ (Z2)n, where n is a nonnegative integer dier-
ent from 2,3,4, and (2)   is a graphical regular representation of G.
The proof of Theorem 1 relies on some elementary observations and a deep result on
GRRs of elementary abelian groups (Z2)n.
Lemma 2. A Cayley graph   of a group G is quasiabelian if and only if the bijec-
tion G on G inverting every element, G: x 7! x−1 for all x 2 G, is an automorphism
of  .
Proof. Let   = Cay(G; S). Suppose   is quasiabelian. We take an arbitrary pair of
adjacent vertices g and gs in  , g 2 G, s 2 S, and prove their images with G are
adjacent, too. We have
G(gs) = (gs)−1 = s−1g−1 = g−1(gs−1g−1):
The Cayley set S is closed for taking inverses and normal in G, so gs−1g−1 2 S. Thus
G(g)  G(gs), the bijection G is an automorphism of  .
For the converse, suppose G is an automorphism of  . Take an arbitrary s 2 S. To
see that S is a union of conjugacy classes in G, we will prove that every conjugate
of s belongs to S, too. For every g 2 G the adjacency g  gs−1 holds, therefore also
G(g)  G(gs−1), or better g−1  sg−1. By the denition of adjacency in   we get the
equation sg−1 = g−1t for some t 2 S (depending on g and s). So t= gsg−1 2 S. Since
g was arbitrary, one infers that the conjugacy class in G containing s is contained in
S. Hence, S is a union of conjugacy classes, the Cayley graph   is quasiabelian.
Lemma 3. In a nite group G, there exists elements a; b such that the identity x−1 =
axb−1 holds for all x 2 G if and only if G ’ (Z2)n for some nonnegative integer n.
Proof. If G ’ (Z2)n then the required equation is fullled for every a 2 G and b= a.
On the other hand, suppose a; b 2 G are such that x−1 = axb−1 holds for all x 2 G.
Taking x = 1 one gets a = b, so the bijection G is an (inner) automorphism of the
group G. Thus, the group G is abelian. In particular, x−1 = axa−1 = x, so x2 = 1 for
all x 2 G, the group G is trivial or elementary abelian of exponent 2. Finiteness forces
G ’ (Z2)n for a nonnegative integer n.
The following is a well-known result in the theory of graphical regular representations.
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Theorem 4 (McAndrew [4], Imrich [2]). There exists a GRR of the group (Z2)n if
and only if n 6= 2; 3; 4.
Proof of Theorem 1. Suppose  =Cay(G; S) is a quasiabelian Cayley graph satisfying
Aut  =L(G)R(G). By Lemma 2 we have G 2 L(G)R(G), meaning that G=ab for
some a; b 2 G. Therefore, the equation x−1 = axb−1 holds for all x 2 G. By Lemma
3, the group G is isomorphic with (Z2)n for some nonnegative integer n. Since G is
abelian, we have L(G) = R(G) and Aut   = L(G), so the graph   is a GRR of the
elementary abelian group G ’ (Z2)n. By Theorem 4, we have n 6= 2; 3; 4.
Note that Fisk proved in [1, Section 6] that the groups isomorphic to (Z2)n for n 6=
2; 3; 4 are the only one having such Cayley graphs that are simultaneously quasiabelian
and GRR. The proof essentially relies on Theorem 4.
We refer the reader to [7] for an extensive list of references to works on quasiabelian
Cayley graphs and applications, as well as for a further investigation of graphical dou-
bly regular representations (GDRR) of a group G, that is, Cayley graphs   of G
satisfying the equality Aut   = L(G)R(G)hGi, where hGi denotes the subgroup gen-
erated by G. Examples and properties of GDRRs and their automorphism groups are
studied, the problem of determining groups having a GDRR is considered and some
obstructions are found, necessary and sucient conditions for a graph to be isomor-
phic to two GDRRs of nonisomorphic groups are given, and disconnected GDRRs are
determined, among other.
The author is grateful to the referees for their valuable comments and suggestions.
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